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A Multi-Phase Transport (AMPT) model is used to study the efficacy of shape-engineered events
to delineate the degree of coupling between the linear and nonlinear contributions to the higher-order
flow harmonics v4 and v5. The study shows that the nonlinear contributions are strongly shape-
dependent while the linear contributions are shape-independent, indicating little if any, coupling
between the linear and nonlinear flow coefficients. The experimental verification of such patterns
could be an invaluable tool for robust extraction of the linear and mode-coupled flow coefficients,
especially for beam energies where the charged particle multiplicity and the event statistics precludes
the use of current methods to establish the coupling strength.
INTRODUCTION
Ongoing studies of the ultra-relativistic heavy-ion colli-
sions at the Relativistic Heavy Ion Collider and the Large
Hadron Collider indicate that an exotic state of matter
called Quark-Gluon Plasma (QGP) is formed in these in-
teractions. A wealth of investigations is directed toward
characterizing the dynamical evolution and the transport
properties of the QGP.
Measurements of azimuthal anisotropy of particle pro-
duction in heavy-ion collisions have been used in several
studies to reveal the viscous hydrodynamic response of
the system to the initial spatial distribution in energy
density produced in the early stages of the collision [1–
14].
Experimentally azimuthal anisotropy of particle pro-
duction relative to the reaction plane ΨR can be char-
acterized by the Fourier expansion [15] of the final-state
azimuthal angle distribution,
dN
dφ
=
N
2pi
(
1 + 2
∑
n=1
Vne
−inφ
)
, (1)
where Vn = vn exp(inΨn) is the n
th complex anisotropic
flow vector and Ψn and vn represent the vector direction
and magnitude, respectively. First flow harmonic, v1, is
usually referred to as directed flow; v2 is called elliptic
flow, and v3 the triangular flow, etc. A large knowledge
about the properties of the matter created in heavy-ion
collisions, has been gained through anisotropic flow stud-
ies of directed and elliptic flow [16–18], higher-order flow
harmonics vn>2 [10, 19–22], flow fluctuations [23–25] and
the correlation between different flow harmonics [20, 26–
30].
Hydrodynamic models suggest that anisotropic flow
arises from the evolution of the medium in the presence
of initial-state anisotropies, defined by the eccentricities
εn. The v2 and v3 flow harmonics observed to be, lin-
early related to the initial-state anisotropies, ε2 and ε3,
respectively [7, 27, 31–37]. For these flow terms,
vn = κnεn, (2)
where κn is then encodes information about the medium
properties such as the specific shear viscosity (the ratio
of shear viscosity to entropy density) η/s. Consequently,
the experimental values of vn (for n = 2, 3) are routinely
used as a constraint to probe η/s for the QGP [17]. The
higher-order n>3 flow harmonics are of great interest as
constraints for η/s because they are more sensitive to the
influence of viscous attenuation. However, they may not
only arise from a linear response to the same-order initial-
state anisotropies, but also from a nonlinear response to
the lower-order eccentricities ε2 and/or ε3 [12, 38, 39].
Therefore, the full utility of higher-order flow harmon-
ics as constraints for η/s extraction [39] rests on robust
separation of their linear (L) and nonlinear (nL) contri-
butions.
The higher-order flow harmonics V4 and V5 can be ex-
pressed as:
V4 = V
L
4 + χ4,22V2 V2 (3)
V5 = V
L
5 + χ5,23V2 V3,
where χn,ij represent the nonlinear response coefficients.
The V nLn>3 encodes the correlations between different sym-
metry planes Ψn which could helps to constrain the
initial-stage dynamics [26, 30, 38, 40–46].
The magnitudes of χ4,22 and χ5,23 constrains the mag-
nitude of V nLn>3 while V
nL
n>3 encodes the correlations be-
tween the flow symmetry planes Ψn for different har-
monic orders. The latter results from the initial-stage
dynamics [26, 30, 38, 40–46].
The linear and nonlinear contributions to the higher-
order flow coefficients (Eq. 3) can be easily separated
if they are uncorrelated (i.e., the linear mode is per-
pendicular to the nonlinear mode which is often assu-
umed) [39, 47]. However, a test of the degree of a possible
correlation between them constitutes an important pre-
requisite. A common approach is to employ the Pearson’s
correlation coefficients for the higher and lower order flow
2harmonics [38, 48]:〈
V4 (V
∗
2 )
2 v 22
〉
〈V4 (V ∗2 )2〉 〈v 22 〉
↔
〈
v 62
〉
〈v 42 〉 〈v 22 〉
, (4)〈
V5 V
∗
3 V
∗
2 v
2
2
〉
〈V5 V ∗3 V ∗2 〉 〈v 22 〉
↔
〈
v 42 v
2
3
〉
〈v 22 v 23 〉 〈v 22 〉
. (5)
Here, validation/invalidation of the independence be-
tween the linear and nonlinear modes of the higher-order
flow harmonics is obtained by comparing both sides of
Eqs. 4 and 5. An important caveat to the use of this
method is the demand for high statistical power (i.e.,
large samples of events with sizable event multiplicity).
Thus, it is of limited utility for carrying out checks for
some experimental data, especially at lower beam ener-
gies.
In this work, we investigate an alternative valida-
tion scheme which employs the Event-Shape Engineering
technique (ESE) to study both the linear and nonlinear
modes of the higher-order flow harmonics. Here, the un-
derlying notion is that ESE not only gives access to more
detailed differential measurements of the correlations be-
tween flow harmonics, but provides specific identifiable
patterns for the strength of the coupling between the lin-
ear and nonlinear modes of the higher-order flow terms.
That is, for no-coupling, the linear contributions to the
higher-order flow harmonics should be event-shape in-
dependent while the nonlinear contributions should be
event-shape dependent.
METHOD
The current study is performed with simulated events
for Au+Au collisions at
√
sNN = 200 GeV, obtained with
the AMPT [49] model. For these events, the string melt-
ing mechanism in AMPT was turned on, and particles
with transverse momentum 0.1 < pT < 2.0 GeV/c, were
selected. The model, which has been widely employed
to study relativistic heavy-ion collisions [49–54], includes
several important ingredients: an initial parton condi-
tions produced by the heavy ion jet interaction generator
(HIJING) model [55, 56], partonic interactions [57], and
conversion from partons to hadronic matter, followed by
hadronic interactions [58]. The events produced by the
AMPT model were analyzed with the multi-particle cu-
mulant technique [40, 59–61] in tandem with ESE.
The framework for the standard cumulant method is
discussed in Refs. [40, 59]; its extension to the subevents
method is reported in Refs. [60, 61]. In the standard
method, the nth-particle cumulants are constructed using
particles from the fully available η acceptance. Thus the
constructed two- and multi-particle correlations can be
written as:
vn = 〈〈cos(n(ϕ1 − ϕ2))〉〉1/2, (6)
Ck,n,m = 〈〈cos(kϕ1 − nϕ2 −mϕ3)〉〉, (7)
〈v2nv2m〉 = 〈〈cos(nϕ1 +mϕ2 − nϕ3 −mϕ4)〉〉, (8)
where, 〈〈 〉〉 represents the average over all particles in a
single event, and then an average over all events, k =
n+m, n and m are harmonic numbers and ϕi expresses
the azimuthal angle of the ith particle.
To minimize the non-flow correlations resulting from
resonance decays, Bose-Einstein correlation and frag-
ments of individual jets to the nth-particle cumulants,
that typically involve particles emitted within a local-
ized region of rapidity, particles were grouped into two
sub-events. Each sub-event covered a non-overlapping
η-interval with separation |∆η| > 0.8 between the sub-
events A and B (i.e. ηA > 0.4 and ηB < −0.4) this ∆η
separation takes into account the limited acceptance of
the STAR detector [9]. Here, the two- and multi-particle
correlations can be written as:
vABn = 〈〈cos(n(ϕA1 − ϕB2 ))〉〉1/2, (9)
CABk,n,m = 〈〈cos(kϕA1 − nϕB2 −mϕB3 )〉〉, (10)
〈v2nv2m〉AB = 〈〈cos(nϕA1 +mϕA2 − nϕB3 −mϕB4 )〉〉.(11)
These correlators were used to extract and study the
linear and mode-coupled harmonics with event-shape se-
lection.
RESULTS AND DISCUSSION
The reliability of the extracted linear and mode-
coupled harmonics can be influenced by possible short-
range non-flow contributions to the two- and three-
particle correlators used for the extractions. Therefore,
it is instructive to evaluate a figure of merit for these
contributions. Figure 1 compares the results obtained
from the standard and two-subevents cumulant meth-
ods for simulated data with different conditions, specif-
ically the Hadronic Cascade (HC) on and off options of
AMPT. In AMPT the HC is based on the ART model
(”A Relativistic Transport”) [58, 62] combining baryon-
baryon, baryon-meson, and meson-meson elastic and in-
elastic scatterings. Using the HC-off option effectively
eliminates a major part of non-flow contributions, and
thus the effectiveness of the two sub-event approach for
non-flow suppression could be tested. The comparison
of the standard and two sub-event cumulant methods
results from HC-on sample shows larger vn magnitudes
extracted via standard method than those from the two
sub-events. Qualitatively, one expects to see such dif-
ferences due to non-flow contributions. Further, the two
sub-events method shows a good agreement (within 2%)
between HC-on and HC-off results, directly addressing
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Fig. 1. The centrality dependence of the elliptic and triangular flow harmonics, v2 and v3, panels (a and b) and the three
particle correlations, C4,22 and C5,23, (c and d) for Au+Au collisions at
√
s
NN
= 200 GeV from the AMPT model. The results
are presented using the standard and the two subevent cumulant methods. The results are compared with similar simulations
from the AMPT with the Hadronic cascade (H-C) mechanism turned off. The lower panels represent the ratios between the
H-C off and the standard/two subevent cumulant methods.
this method ability to reduce correlation contributions
from non-flow effects.
Using Eqs. 6 - 11, the nonlinear mode in the higher
order anisotropic flow harmonics of v4 and v5 can be writ-
ten as;
vnL4 =
C4,22√
〈v22v22〉
, (12)
∼ 〈v4 cos(4Ψ4 − 2Ψ2 − 2Ψ2)〉, (13)
vnL5 =
C5,23√
〈v22v23〉
,
∼ 〈v5 cos(5Ψ5 − 2Ψ2 − 3Ψ3)〉, (14)
and the linear contribution to v4 and v5 can be given as,
vL4 =
√
(v4) 2 − (vnL4 ) 2, (15)
vL5 =
√
(v5) 2 − (vnL5 ) 2.
Equation (15) assumes that the linear and nonlinear con-
tributions in v4 and v5 are independent [39], which is only
valid if the correlations between the vn (n = 2, 3) and the
higher-order flow coefficients (n > 3) is weak.
The degree of this correlation can be tested via ESE via
selections on the magnitude of the second-order reduced
flow vector q2 [63]:
Q2,x =
∑
i
cos(2ϕi), Q2,y =
∑
i
sin(2ϕi), (16)
q2 =
|Q2|√
M
, |Q2| =
√
Q22,x +Q
2
2,y (17)
where Q2 is the magnitude of the second-order harmonic
flow vector calculated from the azimuthal distribution of
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Fig. 2. The q2 distribution for Au+Au collisions at
√
sNN
= 200 GeV in the centrality classes 0 − 5%, 30 − 40% and
60 − 70%, for the sub-event sample with |η| < 0.3 shown in
panel (a). An illustrative plot of v2 as a function of the q2
percentile selections are shown in (b).
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Fig. 3. The linear and nonlinear v4 using the two subevent
cumulant method as a function of centrality for different
event-shape selections from the AMPT model are shown.
particles within |η| < 0.3, and M is the charged hadron
multiplicity of the same sub-event. Note that the associ-
ated flow measurements are performed within |η| > 0.4
which allows for a separation between the q2 subevent
and the flow measurements subevents.
Figure 2 (a) shows that the patterns of the q2 dis-
tributions for several centrality selections, are similar.
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Fig. 4. The linear and nonlinear v4 and v5 using the two
subevent cumulant method as a function of q2% for centrality
selection 0− 40% from the AMPT model are shown.
Fig. 2 (b) demonstrates the linear correlation of these
q2 selections on the magnitude of v2 for several central-
ity selections. Here, it is noteworthy that the sensitivity
of the ESE method, and hence, its effectiveness as a tool,
depends on the multiplicity and the magnitude of v2,
both of which decreases with beam energy [64]. More-
over, the non-flow effects (i.e. resonance decays, jets,
etc. [65]) could bias the q2 selections. The bias, how-
ever, could be mitigated by using the subevents cumulant
methods [60, 61].
The centrality dependence of the linear and nonlinear
v4 is shown in Fig. 3 for 0-20%, 20-40% and 40-60% q2
selections . The results indicate that the nonlinear mode
of v4 depends strongly on both collision centrality and
q2 selection. This dependence reflects the dominant role
of v2 contributions to this nonlinear mode. By contrast,
the linear mode of v4 also shows a strong dependence on
centrality but little, if any, dependence on q2. This ob-
servation can be attributed to the weak coupling between
the linear and nonlinear modes of v4 in the AMPT.
The linear and nonlinear modes for v4 and v5 for 0-40%
central events are presented as a function of q2 in Fig. 4.
They further indicate that while vnL4 and v
nL
5 increase
with the q2 selection, the liner mode of v4 and v5 shows
no q2 dependence, further suggesting a weak correlation
between the linear and nonlinear modes of v4 and v5.
SUMMARY
In summary, we studied the event shape sensitivity of
the linear and mode-coupled contributions to the v4 and
v5 anisotropic flows in the AMPT model using Event-
Shape Engineering. The nonlinear contribution to these
higher-order flow harmonics is found to be event-shape
dependent while the linear contribution showed little, if
any, event-shape sensitivity, reflecting no measurable cor-
relation between the linear and nonlinear contributions
to v4 and v5 in AMPT. These observations illustrate that
event-shape selections can be used to examine the degree
of correlation between the linear and nonlinear contri-
butions to the higher-order flow harmonics and conse-
quently, aid reliable extractions of the linear and mode-
coupled vn required to constrain precision extractions of
η/s(µB, T ).
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